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Abstract

Yes.

1 Preliminaries

We investigate whether the method proposed by Popov et al. [1] produces unbiased estimates of the
rendering equation. To simplify the analysis, we apply their sampling method to the 2D integral

I =

∫
A

∫
B

f(x, y) dy dx, (1)

where (roughly speaking) x ∈ A corresponds to a light path and y ∈ B corresponds to a camera path.

To compute a Monte Carlo estimate for this integral using the method in [1], we proceed as follows:

1. Sample a light path y with the probability density function (PDF) p(y).

2. Sample M independent and identically distributed light paths X = {x1, . . . , xM}. That is,

p(X ) =
M∏
j=1

p(xj).

3. Select K light paths {xξ1 , . . . , xξK} from X using weighted resampling with replacement. Cru-
cially, as the probability of selecting a light path xξ depends on both the current set of light
paths X and the camera path y, we write the probability mass function (PMF) as p(ξ|y,X ).

4. Estimate I as

1

M

1

K

K∑
k=1

f(xξk , y)

p(xξk)p(y)p(ξk|y,X )
. (2)

2 Proof

We prove that the estimator in Equation 2 is unbiased by deriving its expected value

Î = E

[
1

M

1

K

K∑
k=1

f(xξk , y)

p(xξk)p(y)p(ξk|y,X )

]
(3)

with respect to the joint probability distribution p(X , y, ξ) = p(X )p(y)p(ξ|y,X ). Using the linearity
of expectation, we see that

Î =
1

K

1

M

K∑
k=1

E

[
f(xξ, y)

p(xξ)p(y)p(ξ|y,X )

]
=

1

M
E

[
f(xξ, y)

p(xξ)p(y)p(ξ|y,X )

]
. (4)

1



If we expand the expectation, we get

Î =
1

M

∫
B

∫
AM

M∑
ξ=1

f(xξ, y)

p(xξ)p(y)p(ξ|y,X )
p(X )p(y)p(ξ|y,X ) dX dy (5)

=
1

M

∫
B

∫
AM

M∑
ξ=1

f(xξ, y)

p(xξ)p(y)p(ξ|y,X )

 M∏
j=1

p(xj)

 p(y)p(ξ|y,X ) dX dy (6)

=
1

M

∫
B

∫
AM

M∑
ξ=1

f(xξ, y)
∏
j 6=ξ

p(xj) dX dy. (7)

Let X6ξ = {x1, . . . , xξ−1, xξ+1, . . . , xM} be the subset of X that does not contain xξ. By rearranging
the order of summation and integration, we see that

Î =
1

M

M∑
ξ=1

∫
AM−1

∫
B

∫
A

f(xξ, y)
∏
j 6=ξ

p(xj) dxξ dy dX 6ξ (8)

=
1

M

M∑
ξ=1

∫
AM−1

∏
j 6=ξ

p(xj)

∫
B

∫
A

f(xξ, y) dxξ dy dX 6ξ. (9)

Now, the innermost integral corresponds to our desired integral I in Equation 1. In other words,

Î =
1

M

M∑
ξ=1

∫
AM−1

∏
j 6=ξ

p(xj)I dX6ξ (10)

= I
1

M

M∑
ξ=1

∫
AM−1

∏
j 6=ξ

p(xj) dX6ξ (11)

= I
1

M

M∑
ξ=1

1 = I. (12)

This concludes our proof. We have successfully shown that the expected value of the estimator de-
scribed in Section 1 corresponds to the value of the desired integral I.
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